
DEPARTMENT OF ASTROPHYSICAL SCIENCES
PROGRAM IN PLASMA PHYSICS
GENERAL EXAMINATION, PART I

May 6, 2019 9:00 a.m. – 1:00 p.m.

• Today’s exam (Part I) contains 8 problems on 6 pages. Answer all problems.

• Today’s exam has been designed to require three hours of work (180 points).
However, you are allowed one extra hour, so the total time allotted for today is
four hours. The scores on the questions will be weighted in proportion to their
allotted time.

• Start each numbered problem in a new test booklet. Put your name and the
question number on the title page of each booklet.

• When you do not have time to put answers into forms that satisfy you, indicate
specially how you would proceed if more time were available. If you do not attempt
a particular problem, write on the booklet “I have not attempted Problem ___”
and sign your name.

• All work on this examination must be independent. No assistance from other
persons is permitted.

• An NRL formulary is permitted. No other aids (books, calculators, etc.) are
allowed.

I.1 MHD Time Scales [10 pts]

Let τR be the resistive time scale, and τA the Alfven time scale. What is the time
scale associated with Sweet-Parker reconnection? With the linear β = 0 tearing mode
instability in tokamaks? With nonlinear tearing mode instability in tokamaks (other
than the m = 1, n = 1 mode)?
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I.2 Guiding Center Drift [10 pts]

Describe (sketch) — qualitatively — the orbit of a warm ion in the static E,B
field pattern shown in the diagram below (right-hand coordinate system). The initial
location of the ion is indicated by a + and its initial velocity, v0, by the nearby arrow.
Assume the ion has zero velocity in the z direction. E is uniform in space in the +x
direction only. B has a constant gradient such that B is in +z direction for y > 0, in
the −z direction for y < 0, and B = 0 for y = 0. As guidance, do the problem in the
following steps:

(a) Sketch a single gyro-orbit.

(b) Sketch the direction of the grad B drift.

(c) Sketch the direction of the E ×B drift.

(d) Combine (b) and (c) to show the net motion.

(e) Explain/show what happens if/when the ion reaches y = 0.
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I.3 Boundary Layer [10 pts]

Find a leading order (in ε) uniform approximation to

εy′′ + f(x)y′ + f ′(x)y = 0 (1)

with the boundary conditions y(0) = 0 and y(1) = 1, using the layer matching for
0 < ε � 1. The function f(x) is analytic, and positive definite. Express your solution
with f(0) and f(1).

I.4 Electromagnetic Waves in a Cold Electron-Positron Plasma [15 pts]

Consider a homogeneous stationary cold electron-positron plasma immersed in a
homogeneous stationary magnetic field B0. Plot the dispersion relation N2(ω) of elec-
tromagnetic waves in this plasma (here N is the refraction index and ω is the wave
frequency) for two directions of the wave vector k, namely:

(a) k ‖ B0.

(b) k ⊥ B0.

Identify all branches and resonances. Briefly explain how the figure from part (a)
transforms into the figure in part (b) when the angle between ~k and ~B0 gradually
changes from 0 to π/2.

I.5 Electrostatic Drift Waves [20 pts]

Electrostatic drift waves (and associated instabilities) in inhomogeneous magnetized
plasmas are often invoked when neoclassical theory proves inadequate to account for
the higher levels of transport observed in toroidal experiments.

(a) [15 pts] Estimate the perturbed density responses for the kinetic “adiabatic” elec-
trons and the “cold fluid” ions respectively. Combine to give the simple drift-wave
dispersion relation. HINT: “Cold Fluid” limit for ions means you can use the
linearized fluid continuum equation together with the perturbed ion velocity v1
coming from the polarization and E ×B drifts in perpendicular direction).

(b) [5 pts] Explain/justify using the “quasineutrality condition” in part (a) to relate
the perturbed electron and perturbed ion density responses.

3



I.6 Slowing Down of a Beam [35 pts]

Suppose that a beam of ions of density n0 and velocity v0 in the x-direction slows
down in a plasma due to collisions. Suppose that an ion with velocity v slows down
with a slowing down collision frequency ν(v) = ν0v

3
T/v

3. Here thermal velocity vT and
thermal collision frequency ν0 may be assumed to be constant.

(a) [5 pts] Write down the fluid equations n(x, t) and v(x, t) that describe the slowing
down of a beam undergoing frictional force F (v, x, t). In the case here, where
n(x = 0, t) = n0 and v(x = 0, t) = v0, why can we write F (v, x, t) = −mvν(v)?

(b) [5 pts] Show that, in the steady state, the energy of the beam is of the form

E(x) =
√
E2

0 − αx,

where E0 ≡ mv2
0/2. Calculate α.

(c) [5 pts] What is the profile of power deposition in the plasma as a function of x?
Sketch and state briefly the practical advantage of this deposition profile.

(d) [3 pts] What is the steady state density profile n(x) in the plasma? Sketch it.

(e) [2 pts] Suppose that the beam has been on for a length of time T and then shut
off. After a long time, where do all the beam ions end up as a function of x?
Write an expression for n(x, t→∞) showing explicitly its dependence on v0, n0,
and T , and sketch it.

(f) [5 pts] Suppose now that the frictional force is proportional to a more general
slowing down collision frequency νs = νs(x, v). Suppose also that the initial
distribution of initial velocities over initial starting positions f(x, v, t = 0) =
f0(x, v). Write down an equation that describes the time evolution of f(x, v, t).
(Do not solve for f .)

(g) [5 pts] Does your equation for f necessarily conserve particles? If yes, show. If
no, provide an example that shows for what νs = νs(x, v) the non-conservation
occurs.

(h) [5 pts] What does conservation of phase space density mean? Is there any non-
zero functional dependence νs = νs(x, v) in which the phase space density of f is
conserved? Explain briefly.
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I.7 Kelvin-Helmholtz Instability [40 pts]

In this problem, you will be asked to derive minimum magnetic field to stabilize
Kelvin-Helmholtz instability in MHD. Suppose that an incompressible, ideal fluid has
a flow shear at a sharp boundary at z = 0 as shown in the figure where a proper frame
is chosen so that U = (U, 0, 0) at z > 0 while U = (−U, 0, 0) at z < 0.

U

z

x

-U

d

(a) [8 pts] Assuming the perturbation velocity, v(x, z), is irrotational and in the (x, z)
plane, so that a velocity potential, φ(x, z), is allowed to represent v:

v = ∇φ. (2)

When φ = φ1(z)eik(x−ct) at z > 0 and φ = φ2(z)eik(x−ct) at z < 0, derive equations
for φ1 and φ2 and find their solutions. Here, k is real and c is complex. Let
α ≡ φ1(z → +0) and β ≡ φ2(z → −0).

(b) [8 pts] As shown in the figure, suppose that the boundary perturbation is given
by ξ = deik(x−ct) where d is the amplitude. Use the kinematic boundary condition
of

vz = Dξ

Dt
(3)

for both z → +0 and z → −0 to express α and β, respectively, in terms of d.
Here D/Dt denotes total derivative.

(c) [8 pts] Express perturbed pressure, p1[≡ p(z → +0)], in terms of α and p2[≡
p(z → −0)], in terms of β, respectively. Use the dynamic boundary condition,

p1 = p2, (4)

to derive dispersion relation for Kelvin-Helmholtz instability. When is it unstable?

(d) [8 pts] Impose a uniform magnetic field B0 along the flow direction. Express the
perturbed magnetic field in the x direction, Bx, in terms of φ for z > 0 and for
z < 0, respectively. [Vector identity: ∇ × (a × b) = a(∇ · b) − b(∇ · a) + (b ·
∇)a − (a · ∇)b.]
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(e) [8 pts] Derive and solve the dispersion relation by adding the perturbed magnetic
pressure to the pressure balance,

p1 + Bx1B0

µ0
= p2 + Bx2B0

µ0
, (5)

where µ0 is the vacuum permeability, Bx1 ≡ Bx(z → +0), andBx2 ≡ Bx(z → −0).
What is the minimum magnetic field to stabilize Kelvin-Helmholtz instability?

I.8 Langmuir Probe [40 pts]

A planar probe is immersed into a collisionless steady-state plasma with Maxwellian
electron energy distribution function, cold ions, and Te � Ti.

(a) [10 pts] Derive the expression for the floating potential of the probe with respect
to the plasma assuming no electron emission from the probe.

(b) [15 pts] Consider the floating probe is heated by plasma to temperatures when
it starts to emit electrons. Assume that the temperature of emitted electrons is
negligible compared to the temperature of plasma electrons. Derive the expression
for the floating potential of the electron emitting probe.

(c) [5 pts] Consider a sweeping bias voltage is applied to the probe. The bias voltage
is swept to get the full probe V-I characteristic. Show qualitative changes of the
this characteristic induced by the electron emission due to the probe heating -
show probe V-I’s at different probe temperatures (i.e. different electron emission
currents).

(d) [10 pts] Consider a planar Langmuir probe for measurements in a magnetized
plasma. How to select the probe diameter to avoid a depletion of electrons density
in the magnetic flux tube sampled by a probe?
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DEPARTMENT OF ASTROPHYSICAL SCIENCES
PROGRAM IN PLASMA PHYSICS
GENERAL EXAMINATION, PART II

May 7, 2019 9:00 a.m. – 1:00 p.m.

• Today’s exam (Part II) contains 5 problems on 7 pages. Answer all problems.

• Today’s exam has been designed to require three hours of work (180 points).
However, you are allowed one extra hour, so the total time allotted for today is
four hours. The scores on the questions will be weighted in proportion to their
allotted time.

• Start each numbered problem in a new test booklet. Put your name and the
question number on the title page of each booklet.

• When you do not have time to put answers into forms that satisfy you, indicate
specially how you would proceed if more time were available. If you do not attempt
a particular problem, write on the booklet “I have not attempted Problem ___”
and sign your name.

• All work on this examination must be independent. No assistance from other
persons is permitted.

• An NRL formulary is permitted. No other aids (books, calculators, etc.) are
allowed.

II.1 ICF Burnup [20 pts]

Two key parameters that measure success in Inertial Confinement Fusion are the
plasma temperature at the beginning of burn, T0, and the fraction of the fuel that is
burned, fb. Assuming that the optimal temperature has been achieved, fb depends on
the compressed mass density multiplied by the fuel radius at the beginning of burn,
ρ0r0. Let us assume that the optimal plasma temperature has indeed been achieved.
For simplicity and a basic understanding of the scaling, assume that this temperature,
and therefore 〈σv〉DT , remain uniform within a sphere of unchanging radius r0 and
constant during some time τ . Also assume that ne remains uniform within this sphere
and constant during this time, and that nD = nT each equal ne/2 at t = 0. At time
τ = r0/Cs, we will assume that the fuel suddenly disassembles and fusion ceases.

(a) [10 pts] Write down the equation for the rate of change of nT , and solve for nT (t).

(b) [10 pts] Solve for the fraction of the tritium that is burned up, as a function of
ρ0r0 and other parameters such as Cs and 〈σv〉DT .
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II.2 Bananas [25 pts]

(a) [10 pts] Consider a model tokamak geometry with circular concentric flux surfaces
and a large aspect-ratio. The model magnetic field is given as

B = Bξ(R)eξ +Bθ(r)eθ

= B0

(
1− r

R0
cos θ

)
eξ +Bθ(r)eθ,

with B0 � Bθ and R0 � r. To the leading (lowest) order, what is the drift
velocity vd of a charged particle in the poloidal plane?�

r

z

R

0R θ

ξ

(a) [5 pts] Trapped orbits in a tokamak are also known as the banana orbits. Draw
a banana orbit in the poloidal plane.

(b) [5 pts] Explain the relationship between the width of banana orbits and the drift
velocity vd derived in (a).

(c) [5 pts] Assume the earth magnetic field is a pure dipole field with a perfect east-
west symmetry. What does a trapped orbit look like in this field? Do you expect
a trapped orbit to have a finite banana width? Why?
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II.3 Power of Complex Analysis or Not [35 pts]

Professor Carl M. Bender gave an inspirational talk at the 2019 Sherwood Fusion
Theory Conference held in Princeton, entitled “PT symmetry: Physics in the complex
domain”. He started his talk with a few introductory examples to illustrate the power
of complex analysis, and one of the examples was, in a different and simplified form,
an integral

I(x) =
∫ 1

0
e−xt

2/2 cos(xt)dt. (1)

The question is how to evaluate its asymptotic behavior for large positive x, i.e., x →
+∞.

(a) [4 pts] As usual in the asymptotic evaluation of integrals in the complex plane,
change the integrand appropriately, locate the saddle point, and check its steepest
descent path.

(b) [6 pts] Find the appropriate contour of integral in the complex domain to go
through the steepest descent path near the saddle as well as the end points when
x→ +∞.

(c) [4 pts] Evaluate the leading order contribution from the saddle point, which gives
the dominant asymptotic behavior of the integral.

(d) [6 pts] Evaluate the leading order contributions from the end points, which give
the correction of (c) to the next order.

Professor Bender then left an interesting comment: “If you can find the dominant
asymptotic behavior of the integral without using complex analysis, you are so good that
you should publish the results.” Now, we will give it a try. First, separate the integral
into two parts with I0 =

∫+∞
0 and I1 =

∫+∞
1 , and thus I = I0 − I1.

(e) [7 pts] Evaluate I0 by simply expanding cos(xt) = ∑∞
n=0(−1)n(xt)2n/(2n)!. Use∫∞

0 e−ssm = Γ(m+ 1) = m!. See if you can reproduce the answer in (c).

(f) [8 pts] As he was referring to only the “dominant behavior”, integrate I1 by
parts with e−xt

2/2 = (−1/xt)(d/dt)e−xt2/2 several times while maintaining only
the leading order for x→ +∞ and show I1 is indeed subdominant. Can you even
obtain the asymptotic behavior of −I1 and reproduce the answer in (d)? You
may have to use the Grandi’s series ∑∞n=0(−1)n = 1/2.

Do you agree with his comment? His actual example, I(x) =
∫ 1

0 e
−4xt2 cos(5xt− xt3)dt

(which may also sound familiar to you) is of course much more complicated than ours
in real space, while remaining almost equally tractable with complex analysis.
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II.4 Electrostatic Waves in Magnetized Plasma [50 pts]

Consider a homogeneous stationary hot (but nonrelativistic) plasma immersed in a
homogeneous stationary magnetic field B0 directed along the z axis. In this problem,
you are asked to study waves in this plasma under the electrostatic approximation.

(a) [5 pts] Explain what the electrostatic approximation is. Present a sufficient con-
dition under which the electrostatic approximation is valid for a wave with given
frequency ω and wave vector k in a medium with a given dielectric tensor ε.

(b) [15 pts] General electrostatic waves in magnetized plasma are governed by the
so-called Harris dispersion relation D(ω,k) = 0, where D(ω,k) = 1 +∑

sXs and

Xs =
∑
s

ω2
ps

k2

∞∑
n=−∞

∫
d3v

J2
n (k⊥v⊥/Ωs)

ω − k‖v‖ − nΩs

(
nΩs

v⊥

∂f0s

∂v⊥
+ k‖

∂f0s

∂v‖

)
. (2)

The standard notation is assumed here. In particular, s is the species index,
v⊥ =

√
v2
x + v2

y, and Jn are Bessel functions, which satisfy Jn(x) = J−n(x) for
all x. Assuming that Eq. (2) is given and f0s(v) = (2πv⊥)−1δ(v‖)δ(v⊥ − Vs),
show that

Xs = −βs
∞∑
n=0

{
n2

q2
s − n2

2[J2
n(bs)]′
bs

sin2 θ + q2
s + n2

(q2
s − n2)2 (2− δn,0)J2

n(bs) cos2 θ

}
, (3)

where βs = ω2
ps/Ω2

s, bs = k⊥Vs/Ωs, qs = ω/Ωs, θ is the angle between k and B0,
and δn,0 is the Kronecker symbol (i.e., δ0,0 = 1 and δn6=0,0 = 0).

(c) [15 pts] Derive the cold limit of Eq. (3) using that Jn(x) ≈ (x/2)n/n! at small x.
(See also Fig. 1 below.) Show that it leads to the same electrostatic dispersion
relation as the one that flows from the standard cold-plasma dielectric tensor.
Give an example of waves described by this dispersion relation. Show that in
the cold limit, the group velocity and the phase velocity of a wave are mutually
orthogonal. Hint: Recall how to express the group velocity from D(ω,k) = 0 for
general D .

(d) [15 pts] Anisotropic distribution can be susceptible to the so-called Harris in-
stability. Here, you are asked to derive this instability using your result from
part (b). For simplicity, assume θ = π/2, neglect the ion contribution, and keep
only the leading-order corrections with respect to the electron gyroradius ρe. (You
are expected to know what this means.) Calculate the maximum growth rate of
the Harris instability and show that the corresponding wavelength is about 2.4ρe.
Hint: Consider using Fig. 1 to approximately evaluate the numerical coefficients.
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Figure 1: You might (or might not) find these plots useful.
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II.5 Irreversible Processes [50 pts]

This problem has two related sections concerning pressure anisotropy in a magne-
tized plasma. (Section II is on the next page.) Mathematical formulae of possible utility
are given at the end of the problem. Note: each question, (a)–(e), may be answered
independently of each another!

Section I. Consider a mirror machine consisting of a long, straight, axisymmetric
solenoid with magnetic field B0 and with magnetic mirrors at both ends with mirror
ratio Rm

.= B1/B0 > 1, as shown in the figure below. An ion-electron plasma fills
the mirror, with enough scale separation between the Larmor, bounce, and collision
frequencies to guarantee a magnetized, gyrotropic plasma with distribution function
f = f(v, ξ), where v is the particle speed and ξ .= v‖/v is the cosine of the pitch angle.

B0

B1

(a) [5 pts] Ignoring collisions, electric fields, and mirror-boundary effects, derive the
critical value of |ξ| below which particles are confined within this mirror machine.
Name this value ξc and write it in terms of the mirror ratio Rm.

(b) [13 pts] Now introduce particle collisions. Suppose that the mirroring particles
undergo pitch-angle scattering as described by a Lorentz collision operator

C[f ] = ν

2
∂

∂ξ
(1− ξ2)∂f

∂ξ
.= νL[f ] (4)

with constant collision frequency ν. Under the watchful eye of an experimentalist,
the resulting pitch-angle diffusion and consequent loss of particles from the device
is perfectly balanced by a ξ-dependent source of (otherwise confined) plasma
particles,

S(v, ξ) =


3ṅ

8πv2
0ξ

3
c
δ(v − v0)(ξ2

c − ξ2) for |ξ| < ξc,

0 for |ξ| ≥ ξc,

maintaining a steady state. Write down an equation for this equilibrium, specify
suitable boundary conditions, and solve for the equilibrium distribution function
feq(v, ξ).

(c) [12 pts] Use feq(v, ξ) to calculate the equilibrium pressure anisotropy of the con-
fined plasma with respect to the magnetic-field direction, ∆p .= p⊥ − p‖. If you
were able to answer part (a), write your ∆p in terms of Rm. Explain your answer
physically.
If you are unable to answer part (b), explain how you would calculate ∆p if given
feq(v, ξ) and provide physical arguments for how ∆p might depend on the mirror
ratio.
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Section II. Now consider the problem of collisional transport in a magnetized ion–
electron plasma, that is, one with ρ� λmfp � L, where ρ denotes the particles’ Larmor
radii, λmfp is the collisional mean free path, and L is some gradient length scale. Take
the zeroth-order distribution function of the ions to be an isotropic Maxwellian with
density n(t, r), mean velocity u(t, r), and temperature T (t, r):

f0(t, r, v) = n(t, r)
π3/2 v3

th
exp

(
−w

2

v2
th

)
, where v2

th
.= 2T (t, r)

m

and w
.= v − u(t, r) is the velocity of the ions relative to their mean flow. The corre-

sponding correction equation that determines the first-order (non-Maxwellian) distri-
bution function f1(t, r,v) in the Braginskii–Chapman–Enskog expansion is given by

Ω ∂f1

∂ϑ
+ C[f1] = f0

[(
w2

v2
th
− 5

2

)
w ·∇ lnT + 2

(
ww

v2
th
− I

3
w2

v2
th

)
:∇u

]
, (5)

where Ω is the ion Larmor frequency and ϑ is the particle gyrophase.
(d) [15 pts] Use equation (5) to derive the Braginskii ion pressure anisotropy ∆p .=

p⊥ − p‖. For simplicity, take the collision operator C to be the Lorentz collision
operator defined by equation (4). It may help to recall that the Legendre poly-
nomials P`(ξ) are eigenfunctions of the operator L with eigenvalues −`(`+ 1)/2.
Hint: You do not need the full solution of equation (5) to calculate ∆p!

(e) [5 pts] In Mikhailovskii & Tsypin (1971, 1984), the ion pressure anisotropy in
a weakly collisional, magnetized plasma (i.e., ρ � λmfp � L) includes extra
(i.e., non-Braginskii) terms involving the parallel fluxes of the perpendicular and
parallel heat, q⊥ and q‖, respectively:

∆p =
{
the solution to part (e) goes here

}
− 1
ν

{
q⊥(∇· b̂) + 1

3∇· [b̂(q⊥ − q‖)]
}
,

where b̂
.= B/B is the magnetic-field direction. Why don’t these additional

heat-flux terms appear in Braginskii’s calculation of the pressure anisotropy?

Possibly useless information:

P0(x) = 1, P1(x) = x, P2(x) = 1
2(3x2 − 1), x2 = 2

3P2(x) + 1
3P0(x)

∫ 1

−1
dxP`(x)P`′(x) = 2

2`+ 1 δ``
′ ,

∫ a

−a
dxP2(x)

[
P2(x)− P2(a)

]
= 4

5a
3
[
1− 1

2P2(a)
]

∫ a

−a
dx ln

(
1− x2

1− a2

)
= −4a+ 2 ln

(
1 + a

1− a

)
,

∫ a

−a
dxP2(x) ln

(
1− x2

1− a2

)
= −2

3a
3

∫ ∞
0

dx xk e−x .= Γ(k + 1)
(

= k! for integer k ≥ 0
)

Γ
(

1
2

)
=
√
π, Γ

(
3
2

)
= 1

2
√
π, Γ

(
5
2

)
= 3

4
√
π, Γ

(
7
2

)
= 15

8
√
π, Γ

(
9
2

)
= 105

16
√
π
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